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Abst ract - -F racta l  image compression is a relatively recent image compression method, which is 
simple to use and often leads to a high compression ratio. These advantages make it suitable for the 
situation of a single encoding and many decoding, as required in video on demand, archive compres- 
sion, etc. There are two fundamental fractal compression methods, namely, the cube-based and the 
frame-based methods, being commonly studied. However, there are advantages and disadvantages in 
both methods. This paper gives an extension of the fundamental compression methods based on the 
concept of adaptive partition. Experimental results how that the algorithms based on adaptive par- 
tition may obtain a much higher compression ratio compared to algorithms based on fixed partition 
while maintaining the quality of decompressed images. ~) 2006 Elsevier Ltd. All rights reserved. 
Keywords - -F racta l ,  Video compression, Adaptive partition, Hybrid method. 
1. INTRODUCTION 
Fractal image compression is a relatively recent image compression method eveloped in the late 
eighties [1-4]. It reduces the redundancy of images by using self-similarity properties of images. 
The main advantage ofusing a fractal image compression is that it only needs to compute the 
fixed point of a fractal transform operator equation in a decoding process with high resolution 
and efficiency [5,6]. This is particularly suitable for the situation of one encoding and many 
decoding. 
As far as video compression is concerned, there are two commonly used fractal compression 
methods, one being known as the cube-based compression [2,7] and the other the frame-based 
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compression [4,8,9]. In the cube-based compression, a sequence of images is divided into groups 
of frames, each of which in turn is partitioned into nonoverlapped cubes. The compression code 
is computed and stored for every cube. This method, proposed in 1993, has a high computing 
complexity which makes it difficult to implement due to the limit of computers such as computing 
power, random access memory, etc. [10,11]. In the frame-based compression, the compression code 
is computed and stored for each frame, and intra-frame or inter-frame self-similarity may be used. 
The former method may be used to obtain high quality decompressed images, but the compression 
ratio is relatively low; the latter method may be used to obtain a high compression ratio in such a 
way that the current frame is made to relate to the previous frame which, inevitably, introduces 
and spreads errors between frames. 
In [12], a hybrid compression algorithm is proposed. It consists of an interaction of the frame- 
based algorithms and the cube-based compression algorithm. In this paper, an adaptive partition 
method, which combines with either the cube-based method or the hybrid compression method, 
is introduced. Videoconference images and movie images are used to test these different fractal 
video compression methods. Experimental results show that the new method is able to achieve 
higher compression ratio compared with the previous methods without adaptation. The paper is 
organized as follows. First, the mathematical theory of fractal compression and two algorithmic 
implementations for video sequence are presented. Second, the hybrid method for motion images 
is discussed. An adaptive partition method, which combines with the cube-based compression and 
the hybrid compression, is proposed. Finally, numerical experimental results are listed providing 
validation of the proposed method by using two sequences of images. The first sequence of images 
is related to a videoconference and the second sequence of images is an extract from a film. 
2. THE FRACTAL  COMPRESSION 
THEORY OF  V IDEO SEQUENCE 
A digital image f of size N x M can be expressed as a matrix Q, where Q( i , j )  is the intensity 
of the pixel at the location (i,j). On the other hand, a video sequence consisting of S frames 
denoted as 
Seq={f t ,1  <t<S} 
can be expressed as a three-dimension matrix P of size N x M x S, where P(i, j, t) is the intensity 
of the pixel (i,j) of the frame ft. If S = 1, the sequence is a still frame. 
The principle of a fractal compression method [3,12] is to compute compression codes according 
to the self-similarity of an object. In other words, for every small part of an object, a similar 
part of the object can always be found by using a method called collage coding. For the video 
sequence Seq, one part of Seq can be shown similar to another part in Seq. Thus, Seq may be 
partitioned into nonoverlapping small cubes, known as range cubes, where similarity parts can 
be extracted to approximate each of the range cubes and used to compute compression codes. 
In general, the size of a range cube, denoted as n x m x l, could have n and m chosen as 16, 
8, or 4, and l chosen as 8, 4, 2 or 1, according to the rates of image motion. For convenience, let 
N = n x k~, M = m x kin, and S = l x kl, 
and the video sequence Seq is partitioned into nonoverlapping blocks of range cubes, Ri5,t , where 
l< i<k  m l<__j<_k,~, l<t<k~.  
Each range cube can be expressed as a submatrix Pi,j,t of P. A sub-matrix U of P is said to be 
associated with the vector Vu  if the values of U are collocated using a row-wise data structure 
leading to Vu.  This definition is easily extended to range cubes and domain cubes. 
The principle of fraetal compression uses the fixed-point theory of the iterated function system 
(IFS), i.e., for a given range cube R, there is an IFS whose fixed point is simply the vector 
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Figure 2. Relationships among adomain cube, a codebook cube and a range cube. 
VR associated with R. To do this, a similar cube DR of R needs to be found such that the 
corresponding related vector VDa satisfies VR ~ aVDa +flI, where a and fl are the scaling factor 
and the offset factor, respectively. The corresponding affine transformation W(X)  = aX  + ~I is 
the generator of the required IFS, where X is a vector in n x m x/-dimension space 9~ nxmxz and 
I is the identity of 9V ~×m×l. 
A generator of IFS must be a contracted transformation, i.e., Ic~l < 1. Not all similar cubes 
of R generates such a. One way to achieve this is to partition Seq as overlapping small parts 
called domain cubes, each of which is denoted as D and of size 2n x 2m × l. D is also associated 
with a submatrix of P. An example of the partition of range cubes and domain cubes is shown 
in Figure 1. 
VI3 has a dimension larger than that of VR and cannot be used as YDa directly in the formula 
VR ~ c~VDa + f~I. In general, a domain cube D is shrunk by averaging the intensities of four 
neighbouring pixels of disjoint groups leading to a n x m x l array denoted symbolically as D, 
which is also known as a codebook cube. If D is expressed as the submatrix, 
l J ( i , j , t -) ,  l< i<2n,  l< j<2rn ,  l<t<l ,  
and D is expressed as the submatrix, 
U( i , j , t ) ,  l< i<n,  l~ j~m,  l<t</ ,  
then U(i, j ,  t) can be computed as below 
(,3 (2i, 2j, t) + O (2i + 1,2j, t) + ,3 (2i, 2y + 1, t) + ,3 (2i + 1, 2j + 1, t)) 
U (i, J, t) 4 
where l< i<n,  l< j<_m,  1 <t<l .  
For every range cube R and codebook cube D there are associated vectors VR and VD, 
respectively, defined as 
V R-_ (r l ,r2,. . . ,rK) 
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M. WANCet al. 
VD = (dl, d2,. . . ,  dK), 
where K = n x m x l, and ri, di, i = 1, 2 , . . . ,  K are the intensities of pixels of R and D. 
Let E(D, it) be the error function, measuring the difference between D and R, defined as the 
minimization problem, 
E(D, R) = min []VR -- (oVD + ~I)]] 
and the least square method may be used to obtain a solution to it [15]. It can be easily shown 
that 
K 2 
i=1 
O, 
K /K  x, 2 
K /K  \2  
) 
and/3  = ~ r i - a di 
are the optimal values of a and 13 leading to the rms error, 
E (D ,R)= ~ r 2+a c~ d 2 -2  d,r ,+2Z d, +/3 K13-2  r, . 
i=1  i=1 "= i=1 
For a given range cube R, all possible codebook cubes need to be compared in order to find 
an optimal approximation. In other words, one needs to find a codebook cube DR satisfies 
E(DR, R) = min [[VR - (aVDR + ~I)]l 
c~,/~ 
= min E(D, R). 
D 
Here, c~ and fl are the indices of DR and are known as the compression codes of R. 
The quality of the decompressed image compared with the original image, which is a 8-bit 
gray image, may be described by the PSNR (peak-signal-noise-ratio) value computed by using 
the formula [13] below, 
PSNR = 10 x log10 
2552 
• • 2 '  1/(N x M) ~-~,,j (~(i,j) - u(z,3) 
where u(i, j) and •(i, j) are the intensities of the original image and the decompressed image 
respectively at the pixel (i,j). Experience shows that the value of PSNR of a decompressed 
image can be as high as 38 to 40 db [14-17]. 
3. BAS IC  FRACTAL  
V IDEO COMPRESSION 
There are two basic video compression methods, one for cube-based compression method and 
the other is frame-based compression method. 
3.1. The  Cube-Based  Fractal  Compress ion  
When the frame numbers of a video sequence Seq is too large, the RAM of a computer used 
to run fractal compression algorithms becomes insufficient and the handling speed becomes low. 
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In a cube-based compression a large sequence is generally divided into groups of frames GOFs, 
i.e., 
Seq = {GOFg : 1 < g < ks}. 
Each GOF may then be compressed and decompressed as an entity. According to the speed of 
current available machines, the frame number s of one GOF should be less than 16. For a given 
GOFg (1 _< g < k,), 
the set of all range cubes is 
{R i , j , t : l< i<k~,  l< j<k~,  l<t<k~},  
where the size of Ris,t may be8x8x4,4x4x2,  o r4x4x l .  
On the other hand, in order to reduce the compression time, the search of an optimal codebook 
cube for a given range is limited in the adjacent area of the range cube. The set f~9 includes of 
all codebook cubes of GOF 9 (1 < g < ks). 
ALGORITHM 1. THE CUBE-BASED FRACTAL COMPRESSION FOR VIDEO. 
Given the image sequence Seq:- 
Prepare GOF 9 (1 <_ g <_ ks) 
For g = 1, . . . ,ks  
Begin 
Prepare f~g; 
For t= l to k~ do, For j= l tok~do,  For i= l tok~do 
Begin 
For each Dk E f2g do 
Begin 
(ak,flk) := Solve min=,~ [ [VR i , j , t  - -  (O~VDk -}-/31)11; 
Compute E(Dk, Ris,t); 
End 
Compute the compression code: 
Z(Dopt, Rid,t) = [[VR~.j.t - -  (~optDopt -b/31)11 
:= minDk {E(Dk, Ri,j,t)}; 
Store aopt,/3opt and the index of Dopt; 
End-For 
End-For. 
3.2. The  F rame-Based  Fracta l  Compress ion  
In a frame-based compression, the compression codes are computed and stored for every frame. 
Each frame can be considered as a single sequence. In this case, range cubes and domain cubes 
are just blocks. The approximate transformation for every range block is obtained by means of 
interframe similarity, i.e., the domain blocks from the previous frame are used in computing the 
approximate transformation for the range blocks of current frame. As such the transformation 
is not necessary a contractive map and the domain blocks, which are not required to be shrunk, 
from the previous frame may be of the same size as the range blocks and can be used as codebook 
blocks. In the decompression process, the approximate transformation is used on the previous 
frame once only without the need of iterations. For a video sequence, 
Seq = {fo, f l , f2 , . . .  ,fs}, 
the decompressed image sequence can be denoted as 
{DFo, DF1,. .., DFs}. 
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Figure 3. A range block and a domain block in a frame-based compression. 
For a given frame fg (1 _< g < S), the set of all range blocks is 
{R i , j ,g : l< i<k~,  l_<j_<k~}.  
The set gtg includes of all domain blocks from DFg-1. The range blocks and the domain blocks 
are depicted as in Figure 3. 
ALGORITHM 2. THE FRAME-BASED FRACTAL COMPRESSION FOR VIDEO. 
Given the image sequence Seq = {f0, fl, f2 , . . . ,  fs}:- 
Apply {Algorithm 1. The Cube-Based Fractal Compression Method for Video} to sequence 
(:0}; 
Do g -- 1 , . . . ,S  
Compute DFg_ 1; 
Prepare ~tg; 
For j= l  tokg m do 
For i= l tok  gdo  
For each Dk E [19 do 
Begin 
(ak, i lk):= Solve min~,z IIRi,j,g - (aVDk + •I)H; 
Compute E(Dk, R~,3,g); 
End 
Compute the compression code: 
E(Dopt, Ri,j,9) = IlVa~,,.g - (OZoptDopt -t-~I)[ I
:= minDk {E(Dk, a/,j,g)}; 
Store Olopt, ~opt and the index of Dopt; 
End-For 
End-For 
End-Do 
Two obvious disadvantages of the frame-based compression are 
(1) the error due to the use of the previous frame will inevitably spread to the latter frames 
and 
(2) there is a time delay between frames during decompression. 
However, it should be noted that the frame-based compression results to a high compression ratio 
which is particularly suitable for video transmission through the Internet. 
4. THE HYBRID FRACTAL  COMPRESSION 
A hybrid algorithm [15] combining the cube-based method and the frame-based method is pro- 
posed in order to bring the advantages of the two compression methods. Suppose ach of Seq = 
{GOF 9 : 1 < g <_ ks} is partitioned into disjoint subsets forming the series {G1, (]2, (13 . . . .  }, 
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which may then be decoupled into two disjoint series sub-GOFe = {G2, G4, G6,... } and sub- 
GOFo = {G1, G3, G5, . . .  }. A cube-based compression algorithm may be applied to sub- 
GOFo = {G1, Ga, Gs,.. .} and its decompressed image series is denoted as {DG1, DG3, DGs,. . .  }. 
The compression ofthe subset G2i of sub-GOF¢ is then obtained by using the frame-based method 
compared with DG2i-1. 
ALGORITHM 3. THE HYBRID COMPRESSION ALGORITHM. 
Given the image sequence Seq = {GOF 9 : 1 _< g _< ks}:- 
Do g = 1,2, . . . ,ks  
Obtain {GI, G2, (~3,. • • }; 
Construct sub-GOFo = {G1, G3, Gs, . .  • }, sub-GOF, = {G2, Ga, G6, . . .  }; 
Apply {Algorithm 1. The Cube-Based Fractal Compression Method for Video} to sub- 
GOF0; 
Compute {DG1, DG3, DGs,. . .  }; 
Do i = 1,2,. . .  
Apply {Algorithm 2: The Frame-Based Fractal Compression for Video} to G2i; 
End-do 
End-do 
Note that elements in {DG1, DGaDGs,.. .  } and {DG2, DG4, DG6 . . . .  } may be computed si- 
multaneously. As a result when the video is being displayed the time delay between frames can 
be as little as possible. 
5. ADAPT IVE  PART IT ION 
METHOD IN FRACTAL  
VIDEO COMPRESSION 
The compression ratio resulted from the use of fractal video compressions with fixed partition 
is not high. In practice, the rate of inter-frame and intra-frame variation does not keep constant. 
The compression qualities may not be changed, but the compression ratio may be improved if 
the partition varies in different regions in a video sequence. In other words, bigger cubes can be 
used in the regions where intensities of the pixels change slowly and smaller cubes can be used 
in regions where intensities of pixels vary quickly to improve compression qualities. This is the 
motivation behind the concept of an adaptive partition. 
5.1. Adapt ive Cube Compress ion A lgor i thm 
A sequence of images is partitioned into bigger nonoverlapped cubes, for instance, 16 × 16 x 8. 
For a given cube, if the rms error related to the optimal codebook cube is less than the tolerance 
given initially, the resulting compression code is the last code. Otherwise, the cube is partitioned 
into eight smaller subcubes, and it is necessary to search an optimal codebook cube for every 
small subcube. The partition continues until the rms error is small enough or the cubes can't be 
partitioned again. The algorithm below encapsulates the concept of adaptive cube compression. 
ALGORITHM 4. THE ADAPTIVE CUBE COMPRESSION ALGORITHM. 
Given the image sequence Seq:- 
Prepare Seq = {GOF 9 : 1 <_ g _< ks}; 
Given the tolerance ¢, the maximal partition pmax, and the minimal partition pmin; 
For g = 1, . . . ,ks  
Begin 
For every possible partition p, prepare ~;  
For t= l to k~ do 
For j= l tokam do 
For i = 1 to k~ do 
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Begin 
p p~,~×; R p m~x. = = P~i , j , t  
Call Octant (p, RP); 
End 
End 
Procedure Octant (p, RP): 
e p = 10000; 
While (¢P > ¢) and (p ¢ pmin) do 
Begin 
For each Dk E fl~ do 
Begin 
(~,Z) := Solve mino,~ IIVR7 -- (~Vv~ +ZZ)II; 
Compute E(Dk, RP); 
End; 
Compute the minimal rms error: 
~P = E(DoptR p) = min{E(Dk, RP) [ Dk e fl~}; 
If (~P <_ e) or (p = pmin) then 
Store tag bit 0; 
Store aopt, J3opt and the index of Dopt; 
Else 
Begin 
Store tag bit 1; 
New Partition fS: Partition R p to 8 small sub-cubes; 
For each sub-cube 1~ 
Call Octant (/5,1~); 
End 
End 
5.2. Decompression of the Adaptive Partit ion Compression 
The difference between fixed partition and adaptive partition methods in fractal decompression 
is that there are certain tag bits, which are used to indicate the location of the range cubes, in the 
compression files produced by the latter method. Fractal decompression is an iterative process 
by using the approximate formula R ~ ~D +/3I, where R is a range cube, D is a codebook cube, 
whose location forms part of the compression codes, and ~ and/3 are the other compression 
codes. The following algorithm is an iterative decompression process. 
ALGORITHM 5. THE DECOMPRESSION ALGORITHM 
FOR THE ADAPTIVE CUBE COMPRESSION ALGORITHM. 
Read initial information from the compression file: {ks--the number of GOF, s--the number 
of frames in a GOF, the size of every image, the size of the maximal partition and the minimal 
partition}; 
Initialize Seq -- {GOFg : 1 _< g _< ks}; Every frame of Seq may be a black or white frame; 
For g = 1,. . .ks 
Prepare the maximal partition pmax and the minimal partition prnin; 
Begin 
For every possible partition p, prepare ~;  
For t - - l tok~do 
For j = 1 to k~ do 
For i=  l to k~ do 
Begin 
Current_partition p = pmax; current-range_cube R p = Ri,mj~,~; 
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L: Read the tag bit a from the compression file; 
If (a = 0) then 
Begin 
Read compression codes aopt,/~opt and the index of a codebook for current_range- 
_cube RP; 
Find the codebook Dopt from the codebook set Dg with the index; 
Compute R p ¢= O~opt.Dop t + floptI; 
End 
Else if (a = 1) then 
Begin 
New Partition ~: 
Partition RP to 8 small sub-cubes; 
Goto Label L; 
End 
End 
End 
5.3. Adapt ive  Hybr id  Compress ion  Method  
Since the adaptive partition method results to a higher compression ratio compared to the 
algorithm based on the fixed partition while maintains the quality of the decompressed image, the 
obvious move is to combine the hybrid compression method with an adaptive partition. In other 
words, the subsequence sub-GOFo = {G1, G3, G5,. • • } is compressed with the adaptive partition 
cube method. Numerical experiments validate the above statements regarding compression ratio 
and qualities. 
ALGORITHM 6. THE HYBRID COMPRESSION ALGORITHM. 
Given the image sequence Seq = {GOFg : 1 _< g < ks}; 
Do g - -  1 ,2 , . . . ,ks  
Obtain {G1, G2, G3, . . .  }; 
Construct sub-GOFo = {G1, G3, Gs , . . .  }, sub-GOF~ = {G2, G4, G6, . . .  }; 
Apply {Algorithm 4. The adaptive cube compression algorithm} to sub-GOFo; 
Use {Algorithm 5. The decompression algorithm for the adaptive cube compression algo- 
rithm} to compute DG1, DG3, DGs, . . .  ; 
Do i - -  1,2,. . .  
Apply {Algorithm 2. The f~ame-based fractal compression for video} to G2i; 
End-do 
End-do 
Test 
Test 1 
Test 2 
Test 3 
Test 4 
Test 5 
Test 6 
Test 7 
Test 8 
Table 1. Corn ,ression ratios and PSNR obtained from various methods. 
Image Algorithm Partition Compression Ratio 
videoconference 1 4 x 4 x 2 6.72 
videoconference 3 4 x 4 x 2 11.76 
videoconference 4 16 x 16 x 4 17.47 
videoconference 
movie 
movie 
movie 
movie 
Max. 16x 16x4 
6 16.02 
Min. 8x8× 1 
1 4x4x  1 3.65 
3 4x4x  1 6.06 
4 16 x 16x 4 8.62 
Max. 16x 16x4 
Min. 8x8x  1 
12.12 
PSNR 
36.15 
33.79 
34.86 
35.4 
31.96 
30.70 
30.33 
29.37 
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6. NUMERICAL  EXPERIMENTAL RESULTS 
There are two sequences of motion images in the experiments, one from a videoconference 
and the other from a movie. The original sequence of motion images from the videoconference 
consists of frames of 8-bit gray image each of 256 x 256 pixels. The original sequence of motion 
images from an extract of a movie consists of frames of 8-bit gray image each of 720 x 576 pixels. 
Compression ratio, which is defined as the ratio between the storage size of the original image to 
the storage size of the compressed image, is used to compare the efficiency of compression. The 
values of compression ratio and PSNR of various compression algorithms are listed in Table 1. 
The decompression images by various compression algorithms are shown in Figure 4. 
(a). The second frame of the original videoconference. 
(b). (PSNR --- 35.38). (c). (PSNR ----- 34.23). (d). (PSNR -- 34.49). (e). (PSNR = 35.25). 
Test 1. Test 2. Test 3. Test 4. 
Figure 4. The second frame of the decompressed vi eoconference using the algorithms 
described above. 
(a). Original motion image. (b). (PSNR -- 32.16). Test 5. (c). (PSNR -- 31.92). Test 6. 
(d). (PSNR = 30.62). Test 7. (e). (PSNR = 29.75). Test 8. 
Figure 5. the third frame of the decompressed movies using the algorithms depicted 
above. 
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The compression ratios improve much by incorporating the hybrid method and adaptive par- 
tition into the basic fractal video compression methods while maintaining the qualities of decom- 
pressed videos. However, the complexity of the algorithm is still high, in particular when the 
number of frames in GOFg is large. Note that the sequence of motion images from the movie 
in the present ests has a difficult task, which involves a fast moving front wheel as well as a 
relatively slower motion of the body movement, o overcome. However, such body movement is
still much faster compared to the images in the videoconference. As such the compression ratio 
of decompressed images of the movie is not as good as that of the videoconference. 
7. CONCLUSION 
A hybrid compression algorithm, which merges the advantages of a cube-based fractal compres- 
sion method and a frame-based fractal compression method, and an adaptive partition instead 
of fixed-size partition are discussed in this paper. The proposed method is used to handle se- 
quences of motion images typically from a video or a movie. Numerical tests were performed 
for a videoconference and an extract from a movie by using various fractal video compression 
algorithms. The adaptive partition and the hybrid compression algorithm exhibit relatively high 
compression ratios for the sequence of motion images from a videoconference. The algorithm 
shows a minor weakness when dealing with a very fast motion of certain background in addition 
to a relatively slower body motion. The numerical tests also show no visual difference to the au- 
dience of the decompressed sequence compared to the original sequence. It should be noted that 
fractal video compression methods possess highly computational complexity. Approximately two 
hours are needed to compress the movie sequence in the experiments described in last section. 
This makes the algorithms difficult to be used in media industry. However, it is observed that 
data independence in the matching search procedure for range cubes. Therefore, the algorithms 
can be parallelized easily and be implemented in parallel or distributed computing environments. 
The authors are examining the parallelism of fractal video compression algorithms. 
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